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Cosmological solutions for covariant canonical gauge theories of gravity are presented. The underlying
covariant canonical transformation framework invokes a dynamical space-time Hamiltonian consisting of the
Einstein-Hilbert term plus a quadratic Riemann tensor invariant with a fundamental dimensionless coupling
constant g1. A typical time scale related to this constant, τ =
√
8piGg1, is characteristic for the type of cos-
mological solutions: for t  τ the quadratic term is dominant, the energy momentum tensor of matter is not
covariantly conserved, and we observe modified dynamics of matter and space-time. On the other hand, for
t  τ, the Einstein term dominates and the solution converges to classical cosmology. This is analyzed for
different types of matter and dark energy with a constant equation of state. While for a radiation dominated
universe solution the cosmology does not change, we find for a dark energy universe the well known de-Sitter
space. However, we also identify a special bouncing solution (for k = 0) which for large times approaches the
de-Sitter space again. For a dust dominated universe (with no pressure) deviations are seen only in the early
epoch. In late epoch the solution asymptotically behaves as the standard dust solution.
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INTRODUCTION
The Covariant Canonical Gauge Gravitation (CCGG) is a
theory derived from the canonical transformation theory in the
Hamiltonian picture [1][2]. Starting of with matter fields em-
bedded in a dynamical metric, it naturally identifies the affine
connection as the fundamental gauge field. The theory in-
cludes torsion, as the affine connection does not have to be
symmetric. In addition, it complements the Einstein Hilbert
action by an additional quadratic Riemann invariant that for-
mally corresponds to a squared momentum field equipping
space-time with kinetic energy. In consequence the covariant
conservation of the stress energy tensor is violated, as many
modified theories of gravity in the Palatini approach do, where
the connection is being an independent degree of freedom [3].
For a symmetric connection, we got a relation between the co-
variant conservation of the energy momentum tensor and the
metricity condition [4][18]. With the torsion invoked, though,
the covariant conservation of the energy momentum tensor is
violated.
The objective of this paper is to investigate the impact of
that quadratic term on the dynamics of the universe, and the
behavior of matter, in the Friedman model. We use natu-
ral units with ~ = c = 1. The signature of the metric is
gµν = diag(1,−1,−1,−1). Small Greek indices run from 0
to 3 and denote the number of space-time dimensions; Small
Latin indices run from 1 to 3 and denote spatial dimensions
only.
Different Gauge theories of gravity based on the local
Poincare group, instead of the general coordinate invariant
group has been extensively studies in Ref [6]-[8].
COVARIANT CANONICAL GAUGE THEORY OF GRAVITY
A closed description of the coupled dynamics of fields and
space-time geometry has been derived in [1]. The CCGG for-
malism results in an amended covariant Hamiltonian density
Hm of the involved matter fields, to which a linear-quadratic
Hamiltonian H˜Dyn of "free" space-time is added:
H˜ = H˜Dyn + H˜m (1)
=
1
4g1
q˜ αξβη q
ητλ
α gξτgβλ − g2q˜ αηβη gαβ + g3 √−g + H˜m.
Tilde denotes multiplication by
√−g. The tensor densities k˜ αλβ
and q˜ αξβη are the canonical momenta conjugate to the metric
field, gαλ, and to the connection coefficient field γ
η
αξ , respec-
tively. The energy-momentum tensor of matter, the stress ten-
sor, is defined as
θµν :=
2√−g
∂H˜m
∂gµν
. (2)
In analogy, the energy-momentum (strain) tensor of space-
time,
Θµν :=
2√−g
∂H˜Dyn
∂gµν
=
1
8piG
Gµν − g1Qµν, (3)
is built from the Einstein tensor
Gαξ := R
α
ξ − 12δαξR (4)
and the contribution from the quadratic Riemann term denoted
by
Qαξ := R
ηβλαRηβλξ − 14δαξRηβλσRηβλσ. (5)
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2Hereby we deploy the standard notations R := Rµνgµν for the
Ricci scalar, Rµν := R µανα for the Ricci tensor, and Rµναβ for
the Riemann tensor.
With these definitions, the CCGG equation, generalizing
the Einstein equation, can be written as a balance equation
of the stress and strain tensors,
Θ νµ + θ
ν
µ = 0. (6)
Of course, by setting g1 = 0 this equation reduces to the Ein-
stein equation with cosmological constant Λ. This is easy to
see as then in Eq. (3) only the linear term remains, and the fun-
damental coupling constants of the CCGG Hamiltonian map
to the gravitational coupling constant, G, and the cosmologi-
cal constant Λ according to
g1g2 =
1
16piG
, 6g1g22 + g3 =
Λ
8piG
. (7)
As discussed in Ref. [9], this fundamental Hamiltonian den-
sity leads to a new interpretation of the cosmological constant,
and its richer structure compared to Einstein-Hilbert allows to
resolve the so called Cosmological Constant Problem.
The stress energy tensor conservation
The covariant divergence of the stress energy-momentum
tensor does not vanish for this formulation, and does not pro-
vide a covariantly conserved stress tensor:
θ
µν
total;ν , 0. (8)
This can be seen as follows. While the covariant divergence of
the Einstein tensor vanishes identically, Gµν;ν = 0, this is not
the case for the quadratic term in the strain tensor. A direct
calculation leads (see Appendix A) to
Qαξ;α = R
ηβλα
;α Rηβλξ , 0. (9)
Hence
− Θµν;ν ≡ g1 Qµν;ν = θµν;ν , 0. (10)
This implies that we should expect energy and momentum
transfer between space-time (described by the quadratic Rie-
mann term in the strain tensor) and the energy-momentum
density of matter, described by the stress tensor. We will come
back to this conjecture below. In the following we illuminate
using the Friedman model how the CCGG theory modifies
cosmology.
COSMOLOGICAL IMPLICATIONS
Generalized Friedman equation
The (FLRW) Friedman-Lemaitre-Robertson-Walker ansatz
[10] is the standard model of cosmology dynamics based on
the assumption of a homogeneous and isotropic universe at
any point, commonly referred to as the cosmological princi-
ple. The symmetry considerations lead to the FLRW metric
ds2 = dt2 − a2(t)
[
dr2
1 − Kr2 + r
2
(
dθ2 + sin2 θ dφ2
)]
. (11)
Herein, a(t) defines the dimensionless cosmological expan-
sion (scale) factor, whereas K denotes the positive, negative,
or zero special curvature K of the spatial slice. In the fol-
lowing, we determine the expansion factor dynamics a(t) by
means of our generalized field equation (6). To set up the
source term, the universe is usually modeled as a perfect fluid.
The appropriate energy-momentum tensor is then
θαξ = diag(ρ,−p,−p,−p). (12)
The density, ρ, and the pressure, p, refer to all types of matter
present in the universe. Due to the symmetry properties they
can only depend on the universal time t. The density ρ(t) and
the pressure p(t) are not independent but related via an equa-
tion of state, which, for a perfect fluid, is characterized by a
constant parameter ω:
ω =
p
ρ
ω = const. (13)
As the trace of the quadratic Riemann tensor vanishes, it does
not contribute to the trace equation. So independently of
the dimensionless constant g1, which is associated with the
quadratic Riemann tensor terms, the metric (11) yields the
following inhomogeneous second-order equation for the ex-
pansion factor:
a¨
a
+
( a˙
a
)2
− 2M + K
a2
= 0, (14)
with
M(t) = 13
[
2piG ( ρ(t) − 3p(t)) + Λ] . (15)
On the basis of the metric (11), the non-contracted equa-
tion (6) yields two more differential equation for the expan-
sion factor a(t) for the indices α, ξ = 0 and α, ξ = 1
−8piGg1
( a˙2 + Ka
)2
− a¨2
+ a˙2 +K− 13 Λa2 = 8piG3 ρa2, (16a)
8piGg1
( a˙2 + Ka
)2
− a¨2
 + 2aa¨ + a˙2 + K − Λa2 = −8piGpa2.
(16b)
For those generalized Friedman equations, we first consider
two asymptotic cases. Firstly, for g1 = 0,( a˙
a
)2
+
K
a2
− 13 Λ =
8piG
3
ρ, (17a)
2
a¨
a
+
( a˙
a
)2
+
K
a2
− Λ = −8piGp, (17b)
3and we recover the conventional Friedman equations. In the
second extreme case, g1 → ∞, the contribution of the g1 terms
dominates the Friedman equations, and
− g1
( a˙2 + Ka
)2
− a¨2
 = 13ρg1→∞a2, (18a)
− g1
( a˙2 + Ka
)2
− a¨2
 = pg1→∞a2. (18b)
In this limit the equation of state, defined as
ωg1→∞ ≡
pg1→∞
ρg1→∞
, (19)
is that of radiation, ωg1→∞ =
1
3 . This is not surprising because
now the strain tensor is dominated by the quadratic term which
is traceless as in the case of radiation.
For arbitrary g1, Eqs. (14) and (16) must hold simultane-
ously. We can resolve Eq. (14) for a¨ and insert it into Eq. (16):
32piG g1M
(
a˙2 + K − Ma2
)
+ a˙2 +K− 13 Λa2 =
8piG
3
ρa2. (20)
The term proportional to g1 thus gives rise to modified cosmic
dynamics, as compared to the conventional Friedman equa-
tion, to which Eq. (20) reduces when we set g1 = 0.
According to Eq. (10), the covariant divergence of the
energy-momentum tensor (12) must be equal to the covari-
ant derivative of the quadratic Riemann tensor terms. Con-
sidering a classical content of the universe, namely dust and
radiation, we can neglect torsion and assume metricity. For
the zero component we then get
Tα0 ;α = −ρ˙ − 3
a˙
a
( ρ + p) = g1R
βλα
η ;α R
η
βλ0. (21)
For the metric (11) only the zero component of the vector
of the covariant divergence of the quadratic Riemann tensor
terms does not vanish, and with Eq. (44) we find
1
3 aρ˙ + a˙ ( ρ + p) = 2g1
a¨
a3
(
−a2...a − aa˙a¨ + 2a˙3 + 2a˙K
)
. (22)
Equation (22) can be considerably simplified by inserting the
trace equation (14). With the definition of M from Eq. (15)
we finally get (see appendix A)
1
3 ρ˙ + a˙ ( ρ + p) = 8piGg1 a¨
(
p˙ − 13 ρ˙
)
. (23)
This equation provides a simple relation between the density
and the pressure and the scale parameter. As expected, for
g1 = 0 we recover the covariant conservation of the stress
energy tensor, as
dρ
dt
+ 3
a˙
a
( ρ + p) = 0 (24)
corresponds to Tα0 ;α = 0. On the other hand, in the case
g1 → ∞, we obtain
p˙ =
1
3
ρ˙, (25)
which corresponds to the equation of state for radiation,
Eq. (19).
After reviewing the asymptotic behavior of the CCGG-
Friedman model, we devote the next section to analyzing the
dynamics of the universe under the influence of matter repre-
sented by perfect fluids with various but constant equations of
state.
Rescaling the equations
For solving the modified Friedman equations we express
Eqs. (16) in terms of the Hubble parameter,
H :=
a˙
a
, (26)
and its derivatives. For simplicity and in alignment with ob-
servations we prefer to assume the space to be flat, i.e. K = 0.
The density and pressure equations are then rewritten as
8piGρ′ = 3H2 + 24piGg1
(
2H2H˙ + H˙2
)
(27a)
8piGp′ = −3H2 − 2H˙ + 8piGg1
(
2H2H˙ + H˙2
)
(27b)
where the energy density and the pressure encompass dust, ra-
diation and also include the cosmological constant interpreted
as Dark Energy density and pressure, respectively:
ρ¯ = ρ +
Λ
8piG
(28a)
p¯ = p − Λ
8piG
(28b)
This form reduces the modified Friedman equations from sec-
ond order equations to first order equation. From the gen-
eralized Friedman equations, a typical time scale τ emerges
related to the basic constant g1:
τ =
√
8piGg1 =
√
g1/Mp (29)
where Mp is the reduced Planck mass. This time scale is typ-
ical for the period of dominance of the quadratic term over
the Einstein-Hilbert term in the full action. As we will see
in the next section, for "short" times, t/τ  1, the quadratic
term is dominant and violates the conservation of the stress
tensor. For long times, t/τ  1, the Einstein term becomes
more dominant and asymptotically the universe behaves as the
familiar cosmological model ΛCDM where the covariant con-
servation of the stress tensor is assumed. Notice, though, that
the scale of g1 can vary in the range 0 < g1 < 10120 as ex-
plored in [9] which is equivalent to 0 < τ < 600Gy. Hence
"short" and "long" are meant relative to this time scale!
The Friedman equations (16) can be simplified by rescaling
the involved quantities as
t˜ :=
t
τ
, ρ˜ := (8piG)2 g1 ρ¯ , H˜ := τH (30)
p˜ := (8piG)2 g1 p¯ , H˜′ :=
dH˜
dt˜
4FIG. 1. The potential V(a), Eq. (40), for two non-trivial solutions in the dark energy-dominant scenario, plotted vs. the scale parameter a.
The solutions refer to Eqs. (38) (left, cosh) and (39) (right, sinh). The potential and the resulting scale dynamics depends on the integration
constant a0. For a0 = 0 both cases coincide.
to get
ρ˜ = 3H˜2 + 3
(
2H˜2H˜′ + H˜′2
)
(31a)
p˜ = −3H˜2 − 2H˜′ +
(
H˜′2 + 2H˜2H˜′
)
. (31b)
The dependence on the constant g1 has been absorbed by the
new scale. For those equations, as we will see, for t˜  1
the term 3H˜2 (which is familiar from the Einstein-Friedman
model) would be more dominant for the density equation, and
for t˜  1 the term 3
(
2H˜2H˜′ + H˜′2
)
(which comes from the
quadratic Riemann term) would be more dominant.
In the following we suppress the tilde above the rescaled
time coordinate and the other quantities and replace prime by
dot for time derivatives, unless needed otherwise for clarity.
SOLUTIONS WITH CONSTANT EQUATIONS OF STATE
In this section we analyze three limiting cases of a
radiation-dominated (traceless stress tensor, ω = 13 ), dark en-
ergy dominated (ρ = −p, ω = −1), and matter-dominated
(p = 0, ω = 0) universes.
A constant equation of state simplifies the rescaled general-
ized Friedman equations. By setting p = ωρ, and substituting
Eq. (31b) into Eq. (31a), we obtain a unified equation which
depends only on ω and on the Hubble parameter:
H˜′
(
(3ω − 1)H˜′ + 2
)
+ H˜2
(
2(3ω − 1)H˜′ + 3(ω + 1)
)
= 0
(32)
Now it becomes obvious that for radiation (ω = 13 ) but also
for dark energy (ω = −1) a number of terms cancel out.
Radiation dominance
For this case, there is no formal deviation from the trace
equation, as the traces of both, the quadratic Riemann term
(strain tensor) and the stress energy tensor vanish. Hence, the
trace equation gives:
2H˜2 + H˜′ = 0 ⇒ a ∼ t˜ 12 ∼ t 12 , (33)
recovering Eq. (32) with ω = 13 For this Hubble parameter,
the new terms in Eqs. (31a) and (31b) are identically zero:
2H˜2H˜′ + H˜2 = 2H2H′ + H2 = 0. (34)
Hence both equations reduce to the original Friedman equa-
tion, and there are no deviations from the conventional radi-
ation solution as all terms from the (traceless) quadratic Rie-
mann tensor are identically zero.
Vacuum dominance
Vacuum solution means a universe void of matter and radi-
ation but with dark energy present. The equation of state is in
this case ω = −1 or p = −ρ. Substituting this identity into
the density and the pressure equations yields the differential
equation
H˜′
(
2H˜′ + 4H˜2 − 1
)
= 0 (35)
A trivial solution is H˙ = 0 which is the standard inflation
solution (see Ref.[12]-[15]) for which, as in the radiation
case (34), the contribution from the quadratic Riemann ten-
sor equals to zero. The energy density and the pressure are
constant, hence we recover the standard Einstein Ansatz with
cosmological constant. Notice, though, that by rescaling, the
cosmological constant
Λ→ Λ (8piG)2 g1 (36)
grows with growing g1, the clock ticks faster via t˜ ∼ t/√g1.
The second solution, in the vacuum dominant case, results if
the expression in parentheses vanishes:
2H˜′ + 4H˜2 − 1 = 0. (37)
The solution for the scale factor is readily determined with
two different solutions:
a(t) = a0
√
cosh
( t − t0
τ
)
(38)
5FIG. 2. The scale parameter and the energy density for a matter-dominated universe as a function of the rescaled time coordinate.
for |H˜| < 1/2 or:
a(t) = a0
√
sinh
( t − t0
τ
)
(39)
for |H˜| > 1/2. Here a0 and t0 are integration constants. For
t = t0 the scale parameter in (38) denotes the minimal value
amin = a0. This solution which is symmetric with respect to
t − t0 describes a bouncing universe [16]-[17]. Starting from
minus infinite time it decelerates to a full stop, at time t = t0
and finite scale factor a0, to rebound thereafter into an ex-
ponential inflation phase. For the second solution (39), the
universe starts with a = 0 which describes a Big Bang with
asymptotic exponential inflation.
The energy density and pressure in this case can be in-
vestigated by substituting the scale parameter into Eqs. (31a)
and (31b). Surprisingly, the energy density and pressure re-
main constant. Therefore from the quadratic Riemann term
a new inflationary solution emerges, and the special vacuum
solution still leads to a constant density with the equation of
state of ω = −1. In order to illuminate the physical behavior
of the vacuum-dominant case we have restored the potential
of the scale factor dynamics from Eqs. (38) and (39) by de-
manding that the "kinetic energy" a˙2 and the potential energy
V(a) would add up to zero. By differentiation we obtain:
a˙2 + V(a) = 0, V(a) = −a
2
4
± a
4
0
4a2
(40)
The sign "+" refers to the first, symmetric solution, (38), and
the "−" sign refers to the second, antisymmetric solution, (39).
The graph for those potentials is shown in Fig. (1). The bounc-
ing solution with a finite minimum scale a0 for the symmet-
ric, cosh, case is displayed in the left figure. In contrast,
the antisymmetric, sinh, solution (right figure) has a singu-
larity in the origin. The asymptotic form of the potential is
V(a) ∼ −a2, in both cases, such that the late epoch solution
will be a˙/a = H = const which is the standard inflationary
solution and applies here for both, the vacuum and radiation
solutions. For a matter-dominated universe the picture is dif-
ferent, though.
Matter dominance
In the matter-dominated case, the second Friedman equa-
tion, (31b), yields the differential equation for the Hubble pa-
rameter:
3H˜2 + 2H˜′ = 2H˜2H˜′ + H˜′2, (41)
where the time refers again to the rescaled coordinate t˜. Nu-
merical solutions for different values of the initial condition
H0 ≡ H(t = 0) are presented in Fig. (2). The initial values
H0 are selected across orders of magnitude to provide a feel-
ing for the general behavior of the solution. The units of the
Hubble parameters are 1/τ˜.
To see the physics in between different values of g1, we
define the quantity:
ρ ∼ 1
an
⇔ n = − 1
H
d
dt
ln ρ (42)
which gives the power dependence of the density versus the
power of the scale factor for a power law universes, which for
matter dominant is n = 3 and n = 4 is for radiation.
FIG. 3. The Power of the scale factor which gives the density vs. the
rescaled time.
6FIG. 4. Covariant derivative of the stress energy tensor vs. the
rescaled time.
By this redefinition, the numerical solutions in Fig. (3)
show the difference between physical evolution for different
values of H0. With larger values of H0 the deviation of the
density scaling from n = 3, which is the standard dust solu-
tion, is stronger in the short term. However, all solutions go
asymptoticly to the power n = 3 in the long term. This is
consistent with the evolution of the energy momentum tensor.
Fig. (4) shows the covariant derivative of the stress energy ten-
sor, numerically calculated from Eq. (21), versus the re-scaled
time t˜. We observe that the covariant conservation law for the
stress tensor holds asymptotically for t  τ. At those times
the Riemann square term from the action fades away leaving
just the conventional linear Einstein term. However, with in-
creasing value of the time scale τ the time where the covariant
derivative approaches zero is delayed. For illustrating the en-
ergy transition between space-time and matter we analyze the
quantity Ω(0)m =
ρ˜m(a)
ρ˜m(0)
a3. In standard cosmology this quantity
is a constant, but in our case it will be constant only asymptot-
ically, for t˜  1, as we can see from Fig. (5). The normalized
energy density Ωm converges to 1 in the "late epoch". In ear-
lier times energy density is gradually transferred from space-
time (especially the quadratic Riemann term) to matter up to
the value we encounter in the late epoch.
CONCLUSIONS
In this paper we have investigated the impact of the covari-
ant canonical gauge theory of gravity on simple cosmological
scenarios. Because this formulation is based on the first or-
der formalism, the energy-momentum is not covariantly con-
served – as well known also for other theories beyond Love-
lock. We interpret this as energy transfer from space-time to
matter. For a cosmological solution in a homogeneous and
isotropic universe, the Friedman equations are modified. For
g1 = 0 we recover the original Friedman equations, and for
g1 → ∞ the modification becomes dominant. The equation
of state for this limit is similar to the equation of state of
radiation. The coupling constant g1 driving the strength of
the quadratic term gives rise to a time scale τ =
√
8piGg1.
For t  τ the quadratic Riemann term becomes dominant,
whereas for t  τ the Einstein term is dominant. Therefore,
a deviation from the standard cosmology emerges only in the
very early universe. Of course "early" refers to the time scale
driven by the coupling constant g1.
We have analyzed various scenarios of the Friedman uni-
verse filled with perfect fluids with constant equations of state.
For pure radiation we find no deviation from the standard cos-
mological solution, as the new quadratic term is traceless alike
the radiation stress tensor. For a dark energy solution the orig-
inal inflationary solution is predicted, but in addition we get a
bouncing and a Big Bang solution, both with asymptotic infla-
tion. The dust solution is the most interesting one. The devia-
tion from the standard Friedman equation arises only for t  τ
where the covariant conservation of the stress energy tensor is
not zero. In fact, because the Einstein tensor in the stress ten-
sor is covariantly conserved, the quadratic Riemann and the
matter density terms must be conserved together. This im-
plies the interpretation that energy-momentum is transferred
from space-time to matter. Asymptotically the solution settles
at the standard dust solution.
In summary, the effect of the quadratic Riemann term in the
CCGG equation leads to a modified dynamics of space-time
and matter. Derived via the rigorous mathematical frame-
work of canonical transformations from first principles, we
encounter "Dark Energy" like effects that have its roots in the
dynamics of the geometry of the universe. A coherent geo-
metrical theory of Dark Energy from the CCGG formulation
is subject of an ongoing study. Another possibility to main-
tain the energy momentum tensor conservation from different
aspects of CCGG, without torsion described in [4][18] In the
future we will study cosmological solutions which include the
possibility of torsion, and in this way we could possibly main-
tain the energy momentum conservation.
FIG. 5. The Ω(0)m vs. the normalized time.
7APPENDIX - COVARIANT DIVERGENCE OF THE
QUADRATIC TERM
We first set up directly the covariant derivative of the
quadratic Riemann tensor expression from Eq. (5)
Qαξ;α :=
(
R ηβλα Rηβλξ − 14δαξR ηβλτ Rηβλτ
)
;α
= R ηβλα;α Rηβλξ + R
ηβλα Rηβλξ;α − 12 R ηβλτ Rηβλτ;ξ
= R ηβλα
(
Rηβλξ;α − 12 Rηβλα;ξ
)
+ R ηβλα;α Rηβλξ. (43)
We now make use of the Bianchi identity for the covariant
derivative of the Riemann tensor in spaces without torsion
Rηβλα;ξ + Rηβαξ;λ + Rηβξλ;α = 0,
which we insert into Eq. (43)
Qαξ;α = R
ηβλα
(
−Rηβξλ;α + 12 Rηβαξ;λ + 12 Rηβξλ;α
)
+R ηβλα;α Rηβλξ.
and equivalently rewritten as
Qαξ;α = − 12((((((
((((R ηβλα
(
Rηβξλ;α + Rηβξα;λ
)
+ R ηβλα;α Rηβλξ.
The first term on the right-hand side vanishes as the sum of
the derivatives of the Riemann tensor is symmetric in α and
λ while R ηβλα is skew-symmetric in these indices. The final
result is now
R βλαη ;α R
η
βλ0 = 6
a¨
a4
(
a2
...
a + aa˙a¨ − 2a˙3 − 2a˙K
)
. (44)
Hence
1
3 a
4ρ˙ + a3a˙ ( ρ + p) = 2g1aa¨
d
dt
(a˙2 − 2Ma2 + K)
+4g1a˙a¨(2Ma2 − aa¨) = −4g1a3a¨ ddt M
(45)
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